We discuss the existence of a non-perturbative gauge sector that can raise the rank of the gauge group of the N 4 = 2 heterotic string up to 48. These gauge bosons, that don't exist in six dimensions, co-exist with those originating from small instantons shrinking to zero size.
Introduction
It is well known that, under certain conditions, the gauge group of the heterotic string, whose maximal rank is fixed, in the perturbative construction, to be sixteen, can be nonperturbatively enhanced. This has been shown to happen, for instance, in N 6 = 1 compactifications of the SO(32) string, when small instantons shrink to zero size [1] 1 . This extension of the heterotic gauge group, whose rank can be raised to 32, can be explicitly observed in the type I dual construction [3] , where it appears perturbatively. Intrinsically, the existence of such non-perturbative states is related to the nature of the space on which the string is compactified, so that it exists for any value of the coupling constant. Indeed, from a geometrical point of view, in the case of the heterotic/type I dual pair mentioned above, the spaces on which the heterotic and the dual type I string are compactified are the same. It is natural therefore to ask whether in certain cases a non-perturbative phenomenon such as that at work on the small instantons of the heterotic string, can provide a further enhancement of the type I gauge group, that would eventually raised to a group of maximal rank 3 × 16. By duality, such an extension should exist also on the heterotic side. The aim of this note is to discuss this issue, and to provide evidence for the existence of such a further non-perturbative enhancement, in compactifications to four dimensions. As we will see, the further compactification of the N 6 = 1 theory is essential for the appearance of new gauge bosons, whose coupling does not depend on a volume but rather on a complex structure modulus.
We will consider the problem both from the heterotic and the type I point of view. Finally, we will discuss also the type IIA dual point of view, commenting on a possible higher dimensional (M-theory) interpretation. Our analysis ultimately provides a step toward the investigation of type II/heterotic duality for N 4 = 2 compactifications of the type IIA string which are not realized on K3 fibrations.
The Heterotic and Type I string
We start by reviewing some facts about compactifications of the heterotic string, obtained by toroidal compactifications on T 2 of the N 6 = 1 theory in six dimensions. This theory has N 4 = 2 supersymmetry. The perturbative corrections to the couplings of the F µν F µν or R 2 terms of the effective action can be shown to have a general form of the type:
where T and U are the moduli associated to the Kähler class and complex structure of the two-torus respectively [4] - [6] . The Im S-term is the tree-level contribution, while the functions ∆(T ), ∆(U) appear at the one loop 2 . When a type I dual orbifold exists, it can be shown [7] that the correction to the F 2 terms does not depend on T , which on the other hand is mapped, under duality, into the modulus S ′ . This field parametrizes the tree level effective coupling of the D5-branes sector [8] , namely the sector dual to the heterotic small instantons [1] . The non-dependence of the effective coupling of the heterotic F 2 terms on this modulus is then a necessary requirement in order for the duality to work, because on the type I side there is no perturbative mixing of the two moduli in the effective gauge couplings. On the other hand, the analysis of this duality tells us that the heterotic field T , entering generically into the corrections of various terms of the effective action, is not just a geometric modulus, but indeed the coupling of a non-perturbative sector. For generic heterotic N 4 = 2 compactifications, the dependence of the corrections on this modulus can be therefore interpreted as the signal of the running of states charged under both the perturbative and non-perturbative sectors.
We may now ask how should we interpret the dependence of the corrections on the other modulus, U. Can this be seen in some way as the coupling of another, non-perturbative sector? And if yes, what is this sector? For sure, if U has to be interpreted as the modulus parametrizing the gauge coupling of another sector, this latter cannot exist in six dimensions: whatever could in fact be the coupling of this sector in six dimensions, toroidal compactification would then give him a dependence on the volume of the torus, namely on the field T , and not on U. It must therefore necessarily be a sector that appears only after compactification from six to lower dimensions. By duality, this must be true, whenever it exists, also on the type I dual of the heterotic construction. Indeed, the F 2 and R 2 corrections of the type I N 4 = 2 effective action depend on this modulus [7, 9] , and we could ask the same question, namely what is the interpretation we must give to the modulus U, also in the type I framework.
If we indicate respectively by g (a) and g (b) the couplings of the small instantons and of this new, unknown, sector, we would have:
When the heterotic torus T 2 is described by a product of two circles, of radii R 1 and R 2 , we would have:
(2.
3)
The two couplings are therefore exchanged under T-duality along the second circle. If we start from the SO(32) heterotic string, we can put on the second circle a Wilson line that breaks SO(32) to SO(16) × SO (16) , chosen in order to act as W in Ref. [1] . T-duality along this circle exchanges then the SO(32) small instantons with those of E 8 × E 8 , making clear that, while the modulus T has to be interpreted as the coupling of the small instantons of the SO(32) theory, U should be interpreted as the coupling of the small instantons of the E 8 × E 8 theory. Our claim is that indeed, in four dimensions, both these sectors are present at the same time. What makes this possible is the fact that, unlike in field theory, in the toroidally compactified heterotic string there is T-duality, with the presence, at the same time, of momentum and winding states. The ordinary small instantons correspond to nonperturbative objects of the "field theory" part of the heterotic string, i.e. the one built on the Kaluza-Klein, momentum states, while the other non-perturbative states are pure stringy non-perturbative states. Indeed, as discussed in Ref. [10, 11] , zero-size E 8 × E 8 instantons don't give rise to vector multiplets in six dimensions, but rather to tensor multiplets. This fits with our interpretation of the field U: only after compactification to lower dimensions the tensor multiplets give rise to vector multiplets. If we decompactify the four dimensional theory to six dimensions (V (2) ≡ R 1 R 2 → ∞), we indeed observe the disappearance of this gauge sector from the effective action:
On the type I side, this is related to the fact that, as explained in Refs. [12] , the fixed points of the T 4 /Z 2 ∼ K3 compact space of the six dimensional N 6 = 1 theory are associated to a gauge bundle without vector structure, so that the non-perturbative states arising from small type I instantons in six dimensions contain tensor multiplets instead of vector multiplets. The appearance of new massless vector multiplets after circle compactification from six dimensions was interpreted, in Ref. [10] , from the heterotic point of view, as due to the appearance of tensionless strings. Here we want to stress that the appearance of these states in the lower dimensional theory is not related to the actual existence of a perturbative (subgroup of the) E 8 × E 8 gauge group: they are indeed present also in the SO(32) theory.
The simultaneous presence of both the small instantons of SO(32) and E 8 × E 8 is due to the T-duality of the heterotic string, and matches with the simultaneous presence of these states on the type I dual theory, in which however only one of these two sectors is non-perturbative.
The Type II point of view
Since heterotic/type IIA duality in four dimensions maps the heterotic dilaton field into a perturbative, volume-form modulus of the type IIA string, we expect that inspection of the latter can give a hint in understanding what is happening. On the type IIA string side, the Horava-Witten orbifold of the M-theory is realized as an ordinary K3 compactification, which admits an orbifold realization as T 4 /Z 2 . This projection produces a twisted sector dual to the E 8 × E 8 gauge sector of the heterotic string. A further Z 2 orbifold projection, besides the breaking of supersymmetry to N 4 = 2, produces also a new twisted sector, corresponding to the SO(32) sector. Indeed, the two orbifold projections are equivalent and interchangeable. Moreover, the SO(32) and E 8 × E 8 points are connected in the K3 moduli space, and in type IIA only the the Cartan subgroup of the gauge group appears pertur-batively. It has therefore no meaning to distinguish between SO(32) and E 8 × E 8 : in the following we will simply refer to "rank 16" factors of the whole gauge group. Only one of these factors appears perturbatively on the heterotic side. The second one appears perturbatively only on the type I side. There is however a third twisted sector, corresponding to the fixed points of the product of the two Z 2 orbifold projections. This gives rise to another rank 16 sector, which is non-perturbative on both the heterotic and type I sides. On the type IIA side, this Z 2 × Z 2 orbifold has in total 48 fixed points, and it was repeatedly considered in the literature, both in the framework of string [13] or of F-theory compactifications [15] . It corresponds to the orbifold limit of the compactification on a Calabi-Yau manifold with Hodge numbers (h 1,1 , h 2,1 ) = (51, 3). Its perturbative spectrum contains 3+48 vector multiplets and 4 hyper multiplets. The perturbative corrections to the effective coupling of the R 2 term were computed in Ref. [13] , and read 3 :
where T 1 , T 2 , T 3 are the moduli associated to the Kähler classes of the three tori of the six dimensional compact space. Since the compact manifold is not self-mirror, the above correction is most probably modified by non-perturbative corrections. However, the above expression already indicates us that, under type II/heterotic duality, these moduli should be mapped into the three moduli S, T , U 4 . From the type IIA analysis, it appears clearly that these moduli parametrize the couplings of three equivalent gauge sectors: only one of them shares the "bare" coupling with the perturbative heterotic string, namely the one parametrized by the field S, and an entirely perturbative heterotic dual exists only when the other two sectors are not present. This happens if one of the two orbifold projections acts freely, in such a way that neither the corresponding twisted sector nor the twisted sector corresponding to the product Z 2 × Z 2 possesses fixed points. This freely acting orbifold corresponds to the CY 11,11 manifold, which is a K3 fibration. This construction, together with its heterotic dual, has been considered in Refs. [15] - [18] . In that case, the corrections to the R 2 coupling read, on the type IIA side:
The ϑ functions in the second and third term signal that the corresponding sectors are massive. We remark that, in general, it is not possible to construct an heterotic model with a behavior of the coupling like:
namely, a model in which only the vectors corresponding to the "SO(32)" small instantons are present. Again, the substantial "equivalence" of the moduli T and U in the heterotic perturbative construction is a consequence of T-duality of the heterotic string 5 .
Conclusions
In this note we provided evidence for the existence, in heterotic and type I T 2 × T 4 /Z 2 compactifications to four dimensions, of a non-perturbative gauge sector, that extends the whole gauge group to a maximal rank 48. This sector originates from wrapped tensor multiplets associated, on the type I side, to the Z 2 fixed points. On the heterotic side, these vector multiplets are generically present together with those appearing when small instantons shrink to zero size. The simultaneous presence of both these non-perturbative sectors in the heterotic string is essentially due to T-duality, that exchanges momentum states with winding states. The coupling of these extra gauge bosons, that don't exist in six dimensions, is parametrized by the field U, associated to the complex structure of T 2 . The analysis we carried out is only qualitative, and we leave for future investigation interesting issues like what really are the allowed gauge groups and what is the massless spectrum, including hypermultiplets. The investigation of a type IIA dual is not of much help in this sense, because it is constructed by compactification on a non self-mirror manifold: non-perturbative corrections may therefore heavily enter in the game. However, from the type IIA dual we already learn that, from the M-theory point of view, the three gauge sectors, namely the one corresponding to the heterotic perturbative gauge group and the two non-perturbative ones, should appear essentially on the same footing. This fact may have interesting consequences for the string phenomenology: there is in fact no a-priori reason to prefer one of the three gauge sectors to be the one that should contain the Standard Model 6 , and the relation between gauge couplings and string parameters may be rather different from what expected from a perturbative heterotic string analysis.
